We examine the contributions of Majorana neutrinos to CP -violating W W Z and ZZZ self-couplings, using a model in which sterile neutrinos couple to the W and Z by mixing with a fourth-generation heavy lepton. We find that the induced form factors can be as large as 0.5%. The model satisfies all phenomenological bounds in a natural way, including those due to the strong limits on the neutron and electron electric dipole moments. Anomalous CP -odd couplings of this size are unlikely to be observed at LEP200, but might be detectable at NLC.
We first briefly describe the model. We require, in addition to the usual SM particle content, a sequential heavy lepton, which we represent with a weak isodoublet, and
We imagine cancelling the electroweak anomalies of these fields by including also a fourth generation of quarks, although these cannot contribute to CP -violating anomalous gauge couplings at one loop, and so play no role in what follows. We finally add at least two right-handed sterile neutrinos, which we collectively denote as N 0 iR , i = 1, ...n ≥ 2 ‡ . At least two species of sterile neutrinos are required in order to permit renormalizable CP -violating interactions amongst the neutrinos.
We assume for simplicity that the new sequential fourth-generation particles mix only very feebly with the first three generations, as is also required by global analyses of lowenergy data [20] . We do not suppress, however, any mixing amongst the sterile neutrinos, or between the sterile neutrinos and the fourth generation. The resulting left-handed mass matrix, M, for the heavy neutrinos then takes the following form [16] :
where the first row and column correspond to the sequential fourth-generation neutrino, 
where the positive and diagonal matrixM contains the mass eigenvalues of the heavy ‡ This type of model, but with only one sterile neutrino, has been studied with the goal of naturally accommodating a heavy fourth-generation neutrino [18] , as well as for explaining the mass pattern of the light neutrinos [19] .
neutrinos N a , a = 0, ..., n, along its diagonal. § The spectrum of exotic fermions also includes the heavy fourth-generation charged lepton, which we denote by E. As long as these new particles are heavier than M Z /2, so they are not produced in e + e − collisions at the Z resonance, their masses and couplings are largely unconstrained.
In terms of these mass eigenstates, the charged-and neutral-current interaction of the heavy neutrinos become [21] 
where P L(R) = (1 − (+)γ 5 )/2, c w is the cosine of the weak mixing angle, and the mixing matrices B Ea and C ab are defined by
In Eq. (5), the phase δ E is arbitrary and reflects the freedom to rephase the charged lepton field E. This phase can be used, for example, to ensure that B E1 is purely real. The remaining quantities, B Ei for i = 2, ..., n, are then generally complex, however, and their phases are the source of CP -violation which we shall use.
For the purposes of illustrating the possible neutrino spectrum and mixings, consider for a moment the case for which |µ i | ≪ M j , for all i and j. In this case n of the mass- 
In what follows we do not wish to make the assumption that the µ i are much smaller than the M i . In this, the general case, it is more fruitful to work directly with the neutrino § We adopt here a notation for which indices from the middle of the alphabet, i, j = 1, ..., n, label the predominantly sterile neutrinos, while indices from the beginning of the alphabet, a, b = 0, ..., n also include the dominantly isodoublet state, N 0 .
masses and mixings as our free parameters, keeping in mind that these are restricted by the following general identities [21, 22] :
where m a denotes the mass of the n + 1 Majorana neutrinos.
In order to be completely concrete, we specialize at this point to the minimal case, for which we consider n = 2 sterile neutrinos, and so for which we have three heavy neutrino mass eigenstates. In this case, as may be seen from Eqs. (6), the imaginary parts of B E1
and B E2 are related to one other via
where we have chosen the phase δ E so that Im B E0 = 0.
We now turn to the calculation of the CP -odd part of the transition element 
where 
whereĥ Z is the anapole form factor for the ZZZ vertex, and g µν is the usual Minkowskispace metric.
For each of the form factors that appear in these expressions, there is a similar one in which Z µ (q) is replaced with a photon. Of these, the two form factors, f γ and g γ , are
particularly dangerous, contributing as they do to the neutron and electron electric dipole moments (EDM's). As a consequence, these two are experimentally constrained to be rather small [4, 10] : quantitatively they must satisfy [23] f γ (0) < ∼ 10 −3 and g γ (0) < ∼ 10 −4 .
These bounds largely preclude the possibility of observing f γ and g γ in ee collisions for the forseeable future. The same arguments do not rule out anomalous W W Z and ZZZ couplings however.
The difference is due to the possibility of having CP -violation and neutrino flavour changes at the Z-fermion vertices. At one loop only f Z and the anapole form factor, h Z , turn out to be generated by Fig. 1(a) [10] . For the model at hand, we find
where
and the kinematic variables λ a and λ E are defined as
The summation over neutrino species in Eq. (10) may be simplified by using the identities of Eq. (6) to derive the following relations.
These simplify Eq. (10) to:
Using Im C Tables 1 and 2 for LEP200 and NLC, respectively. We find the largest values for f Z when the condition,
2 , for threshold effects is satisfied, and these can be as large as 0.5%.
For heavy neutrinos, i.e. m a ≫ M W , we find smaller values: f Z < ∼ 0.1%. Unfortunately, LEP200 is likely to be unable to detect CP -violating anomalous W -and Z-boson couplings that are smaller than 5 − 10% [8, 9] , and so these predictions are likely to be too small to be observed. Nevertheless, CP -odd form factors as small as 0.5 − 1% may be accessible at NLC, given an upgrade in the luminosity or the adoption of polarized e + and e − beams.
Our model also gives rise to an anapole form factor, h Z , for the coupling W W Z [10] , again from the graph of Fig. 1(a) . We find
Similarly, an anomalous anapole ZZZ coupling,ĥ Z , is induced by the Feynman graph of Fig. 1 (b) [10] :
and
Eq. (18) can be significantly simplified by judiciously using Eq. (6).
We find
Taking Eqs. (14) and (22) into account, we arrive at our final expression
where ε abc is the usual Levi-Civita tensor. When using this expression to make numerical estimates, we assume that C 22 ≪ 1. In this case Eq. (24) simplifies tô
We present our numerical results for the anapole form factors, h Z andĥ Z , at the relevant collider energies ( √ q 2 = 200 GeV and 500 GeV) in Tables 1 and 2 . As may be seen from the tables, threshold effects can enhance the size of these couplings to the level of ∼ 0.5%, which is on the edge of sensitivity at NLC.
Since the biggest contribution to the anomalous gauge couplings arises due to threshold-mass effects of the Majorana neutrinos N 0 , N 1 , and even these are at the edge of observability, one might expect to pair produce the intermediate neutrinos via reactions such as e + e − → N a N b . Even if the heavy neutrinos should be sufficiently long-lived to escape the detector -such as if m 0 < ∼ m E , in which case N 0 cannot decay into charged leptons -then it is likely to be seen in measurements of the invisible Z width at these energies. This can be probed by looking for events in which a hard photon, radiated from the initial electron/positron line, is seen to recoil against something invisible. The rate for producing a light neutrino pair, such as N 0 N 0 , normalized by the total SM invisible width is
is the velocity of the outgoing N 0 in the centre of mass frame. For example, the rate for producing a 50 GeV neutrino for √ q 2 = 200 GeV would be R mis. ≃ 25% if C 11 ≃ 1. There is, however, a very narrow window of masses for which q 2 is just on the lower rise of the threshold enhancement, but for which there is insufficient energy for direct neutrino production.
As can also be seen from the tables, the couplings are larger for smaller values of the heavy charged-lepton mass (compare Table 1a with 1b, or 2a with 2b). If we restrict ourselves to the case where both the charged lepton E, and the Majorana neutrino N 0 , are too heavy to be pair produced at the q 2 of interest, we are led to smaller results. For example, we find in this case f Z < ∼ 0.2%, yielding CP -violating effects that are that much more difficult to detect.
In conclusion, we have demonstrated that Majorana-neutrino scenarios based on the SM gauge group can predict an anomalous W W Z coupling f Z < ∼ 0.5%. In principle,
CP -violating effects due to the dispersive (absorptive) parts of anomalous couplings can be observed by looking at specific CP T -even (CP T -odd) observables in the decay products of W -boson pairs [3, 8, 9] . For example, effective CP T -even observables could be the forwardbackward asymmetry of the hardest jet when W and Z bosons decay hadronically or P -odd momentum correlations between the initial electrons and final charged leptons [8] . 
